Qualification Exam for Ph.D Candidacy

Statistical Mechanics

1. Please explain the following concepts clearly (5 points each)

(a) The fundamental assumption of the equilibrium statistical mechanics
(b) Bose-Einstein condensation

(c) Fermi pressure

(d) First and second order phase transition

(e) Ginsburg Landau free energy

(f) Canonical ensemble and grand canonical ensemble

(g) Pauli paramagnetism

2. Consider a collection of noninteracting cold polar molecules. In very low

temperature, a single molecule can be treated as a quantum rigid rotor, so that the
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wherem is molecule mass, p is momentum operator, and J is angular momentum

system Hamiltonian is given by

operator of the molecule. B is a rotational constant.

(a) (5 pts) Please write down the eigen-energy of a single particle. Explain the
definition of your notations, especially those good quantum numbers.

(b) (10 pts) Assuming these polar molecules are classical particle, write down the
general expression of the partition function at temperature T.

(c) (5 pts) Using the above expression to calculate the free energy and entropy

3. Consider a system of N distinguishable particles, which have two energy levels,
E, = —uB and E; = uB, for each particles. Here 1 is magnetic moment and B is
magnetic field. The particles populate the energy levels according to the classical
distribution law.

(a) (10 pts) Calculate the average energy of such system at temperature T, and

(b) (5 pts) the specific heat of the system.

(c) (5 pts) Calculate the magnetic susceptibility.

4. Consider a 3D system of N noninteracting particles, whose energy dispersion is E =



c|p|, where c is speed of light. Assuming they are classical particles at an equilibrium
temperature T. The system volume is V. Use the following steps to construct its
thermodynamical properties:

(a) (10 pts) Calculate the partition function of such system, Q, and then obtain its
Helmholtz free energy, F.

(b) (5 pts) Use Q to show that the average energy, U = 3NkgT.

(c) (5 pts)Use F to show the pressure, P = NkgT/V. (5%)

(d) (5 pts) Use F to calculate entropy S. (5%)



1.

Qualifying examination on Classical Electrodynamics (2/14/2011)

(Chap. 1, Boundary-value problems in electrostatics > 20 77)

A point chargeq isplaced at (0,0,d) inside an ungrounded hollow metal sphere
centered at the origin and of inner/outer radius of a/b andd < a. Use the image
method to determine the charge distribution on both the inner and outer surfaces.
(Chap. 4, Multipoles, electrostatics of macroscopic media, dielectrics » 25 57)

A charge-neutral dielectric sphere of radiusa with dielectric constant e is
placed in an initially uniform electric field which at large distances from the
sphere is directed along thez axisand has magnitudeE, . Please

() Solvefor the potential both inside and outside of the sphere.

(b) Find the polarization charge density on the surface of the sphere.

(Chap. 7, Plane electromagnetic waves and wave propagation > 30 77)

Copper plates were used as mirrors in ancient times tell us that electromagnetic
(EM) waves in the optical range are mostly reflected. We also know that x-ray
can be utilized to detect possible dislocations in the fuselage of airplanes. So
there must be a characteristic frequency @ which separates these two behaviors.
(&) Within the Drude classical model, the metallic electrons obey the equation of

motion: ma = q[E+(\7x E/c)]— mv/r wherer is the mean free time. Since

the drift velocity v is much smaller than the speed of lightc, you can neglect
the force fromB field. Please derive the expression for AC conductivity
o(w)=j/E where j denotesthe current density.

(b) Derive the AC didectric constant g(co) for good conductors wr >>1.
Identify the plasma frequency w, , which renders ¢ negative whenw < o, .

(c) Explain why anegativee implies dissipations for the EM waves. Determine
the skin depth, at which the amplitude isdiminished by 1/e into the metal.

(d) What are the Kramer s-Kronig relations? Check if theo (o) and ¢(w) you
obtained in (a) and (b) satisfy them. If not, explain why. Be careful not to
assumewr >>1 sincethe relations require you to integrate over al o .

(Chap.8, Wave guides and resonant cavities » 25 77)

A coaxia transmission line consists of a long straight wire of radiusa and a

cylindrical conducting sheath of radiusb. The electric and magnetic fields are

E, cos(kz—cot)ép andB(p.4.2.t) = B, cos(kz — wt)
p

given by: E(p,¢,zt)= 8.
(&) What istherelation betweenE, andB,?
(b) Find the line charge density and current on the inner conductor.

(c) Determine the time-averaged power flow along theline..



Qualification Examiniation on Physics A

For Ph. D. Candidates
3/5/2011

Classical Mechanics (5 problems, 2 pages)

Problem [1] (15%)

Consider a particle of mass m moves in a circular orbit under the influence of a central potential V(r) = —km/r™, where k
is a positive constant. For small perturbation to a circular orbit, what is the range of n for a stable orbit?

Problem [2] (20%)

Consider a double pendulum consists of two particles of mass m; and mo suspended by masless rods as shown in Fig. 1.
l1, 1l are the lengthes of the rods.

e [1] Assuming that all motion is in a vertical plane, find the Lagrangian and the equations of motion.

e [2] Find the normal-mode frequencies assuming small angles and my = ma, I = 5.

LSS

Figure 1:

Problem [3] (20%)

A uniform rod with mass M and radisu p rolls without slipping in a bigger cylinder of radisu R as shown in Fig 2.
e [1] Find the Lagrangian, the equation of constraint, and equations of motion.

e [2] Calculate the frequency of small oscillation.

1y

Figure 2:



Problem [4] (15%)
Calculate the minimum total energy of a proton (in the lab system) which hits another proton at rest (in the lab system) to
produce an anti-proton in the following process
p+p—>p+p+p+p

Note: The rest energy of proton and anti-proton are 938 Mev but you may use 1 Gev in your calculation. You must use the
relativistic forms of momentum and energy.

Problem [5] (30%)

Consider a simple harmonic oscillator with

1
H = o (p2 + m2w2q2) .

e [1] Apply the canonical transformation with generating function F = Fy(q,Q) = 3mwgq?cot Q to find the transformed
Hamiltonian K. Find the solution for P(¢), Q(t), and then ¢(t).

e [2] Apply the Hamiltonian-Jacobi theory to find ¢(¢), assuming the initial conditions ¢(0) = go and p(0) = po. (Hint: The
generating function F' = F»(q,P) — QP and the transformed Hamiltonian K = 0).

e [3] Use action-anle variable to find the frequency of oscillation, starting from defining the constant action variable J = ¢ pdyq.

You might need to use following integral:

1 1( 2ax + b

dx
=— sin ,a < 0,b% > 4ac.
/\/ax2+bx+c V—a )

b2 — 4dac
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