"L JO an[eA
WINWIUTT 91} 9)R[NOR) "I197Usd a1 woy dpnrred syl Jo sdue)
-SIp Y} ST 4 PUBR JUBISUOD 2AISOd © ST 9 9IAYM .. /0w ST 80I10F
sty Jo spnjuSew sy pue aarsndarx st e010] oy, (199etnered
pordurt) p st 910004 [RIYIUL o) SUOR UL 9Y) PUR IPIUSD BYI
uamiaq aouer)sip renorpuadiad ayJ, 9910] JO I97uad paxy € Aq

pa1991e0s st On poads [eriut pur w ssewl jo aporgred y (9401) -

;, TIOTJRIB[00R 317 SI JeyM
‘[rewas A[OIIUGUIL ST 41 2101 M 1501 w10 sjae)s doip ay) j1 ~doap o)
JO ®eaIe [RUOIJISS 5010 a1} 0} [euorjiodord ajel ® J@ pasealoul
ssewn oY) jey) pue reosuoyds st doip ayj) eyl ewnssy  s[eJ

1 se ssewr Ju110s[[00 pnop ' yanoiy) s[ej doip urer y (%4471)

72/ A2 €0 ST SSEW 9S91 $,U0IFIA[D
ayl, ‘uojoyd jueprour oy} Jo ASIOUS WINWIUIU JY) dI[NO[RD)

"9+ 9+ L2+ o+ 4
:1red uwoajisod

(*suory
-enba 2891} 9A[0S J0U O(J) ‘UOI}OW Jo suorjenba saduride] pur]
o quesuod Surids pue ¢ yjBue] pepusixeun yym Sutads ssof

-sseur ® Aq pepuadsns wi ssew © Jo s151su0d wnnpuad e (%461}

uonjeIqLA Jo seusnbaijusie ayg pur "I09e[[1080
9 JO 21RUIPIOOD Y] SI T pue JUBISUOD SUIdN0D YY) SI 2 IDYM

ety m\@a + MHE = A

st A319uo [erjuatod ayJ, ‘3 juelsuod Jurrds pue

1 SSRUI DUIRS 9] )M SI07R[[[0s0 3urjdnod om) I9pIsuoy) (%4T) -

WY sulpel
1M a10yds PI[os PaXy © WI0] . snipel jo saporjred Jo ureaq e Jo

SuLI931RIS D1ISR[I JY) I10J UOIIIVS $80I0 [©10) 83 ST 1RUYAM (%01) -

"aIr} 9yl
jo dog atpy uo qurod a1y Jo UOIFEIS[RVE Y} dje[mOTe) Suiddys
INOT[IM [[0I 83117 YT, “U2()G ST SIT] YORA JO SNIPRI SY T, "t /wiy(g
Jo peads que)suod © YIIM preol JYSIeI)s B U0 S9AOW 18D Y {4C)

uo1159pe we Junnpord “sa1 e no11997e ue sy A uojoyd v (%GT) -

T

(2107 "qo.) [soruRyoSA [eDIsse[)] urexy UOIjROTIent)



‘(suotyenbs 8se7) 9A[0S 10U O(]) "UOIJOUL
Jo suorjenbs s UOTWRY PUl] SIUBISUOD BIB ¢ PUR I BIOYM
¥/,2q+ 2/ .24 = A st opured e jo £319us Teryuajod ayT, (94QT) '8



Quantum Mechanics

Problem 1 25% Answer the following questions briefly

(a) What is the most important consequence for a system being translational invariance?
(b) Write down the Dirac equation and indicate what kind of particles it is intended to
describe.

(c) Consider a two-level system characterized by the Hamiltonian
H=A[1><1]—-2]2><2[+2]1 >< 2|+ 22 >< 1]],

where A is a real number with the dimension of energy. |1 > and |2 > are normalized and
are also orthogonal to each other. If one performs ideal measurements on the energy of this
system, what possible values he would get?

(d) Consider 10 identical bosons in one dimension. Let z; and p; (i = 1,2,3,...10) be the
corresponding position and momentum operators for 10 particles. Which of the following
operator(s) is(are) observable(s)?

Ipr — pol + Ip2 — pol + |ps — ps| + |pa — prl + Ips — psl, 1 + 22 + om0

e2

P34+ i + P + 15 + Plos Lie Treo(@i=a;)"

(e) Suppose that in the Aharonov-Bohm (AB) effect experiment, the particle sources are
point particles with energy E and charge ¢. If the interference pattern is shifted by Az in
comparison to the pattern without the magnetic field, find the magnetic flux that is behind
the double-slit (assume that the seperation between two slits is d and the distance from the

slits to the screen is L).

Problem 2 Consider two particles of the same mass m in one dimension. Two par-
ticles are connected by a spring with spring constant k.

(a) 15% Suppose that the total momentum of two particles be p, find all possible total
energies for the following cases: (i) two particles are non-identical (i) two particles are
identical fermions (iii) two particles are identical bosons.

(b) 8% Suppose that in addition to being connected by a spring, two particles carry charges
of ¢ and —¢ and move along x axis. A uniform electric field F is applied along +x direction.
If two particles are in an energy eigenstate, find the minimum of root-mean-square relative

distance (i.e., minimum of /((x; — 22)?)) between two particles.



Problem 3 20% Consider the coupling of three spin-1/2 particles. Let |afv) de-
note the state when the first particle in ithe state |a), the 2nd in |5) and the 3rd in |v),
where «, 3, and ~y are either + (spin up) or — (spin down).

(a) Construct all states with total angular momentum J = 3/2.

(b) By setting coefficients associated with states starting with + (i.e., | + 5v)) be-
ing positive, construct all states with J = 1/2 . (Hint: add two spin-1/2 partciles

first, and then include the 3rd particle. You may find the following formula useful:

Ji |jym) = hy/(GFm)(G £m+ 1) [j,m £ 1))

Problem 4 15% A particle of mass m is described by the wave function

wE' (’l“, 97 ¢) =A exp(—r/ao),

where r, # and ¢ are spherical coordinates and ag is a positive constant. Assuming that
g is an energy eigenstate in a central potential V' (r). and V(r) — 0 as r — oo, find the

energy E of this state, V' (r), and all other possible energies for this particle.

Problem 5 Consider a one-dimensional harmonic oscillator with mass m and natu-
ral frequence w. The oscillator is in its ground state |0) at ¢ = —oo. A time-dependent
potential is switched on as follows

Vox

0 =

where 7 is a positive constant and Vj is also a constant.

(a) 10% Find the probability that the oscillator is in the state [n) (n # 0) at ¢t = oo to the
order of V2.

(b) 7% Suppose that for ¢ > 0, V(z,t) = Voz. Find the wavefunction ¢ at ¢t = 0 to O(Vp)
in the adiabatic limit 7 — oco. Find a static Hamiltonian H such that to O(Vp), ¢ is an

eigenstate to H.



Ph.D. Qualify Exam:  Classical Electrodynamics
Feb. 2012

1. (30%) Explain the following terms qualitatively and quantitatively.
(a) Lorentz gauge and Coulomb gauge (5%)

(b) Poynting theorem (5%)

(c) Skin depth (5%)

(d) Group velocity and phase velocity (5%)

(e) Retarded Green function (5%)

(f) Synchrotron radiation (5%)

2. (10%, 10%) Green function

(@) What are Green’s first identity and Green’s theorem?

(b) For a point charge outside a grounded conducting sphere, find the Green function G(x,Xx’)
that satisfies Dirichlet boundary condition. [Hint: the method of images.]

3. (10%, 10%) Two concentric conducting shells of inner and outer radii a and b (b>a),

respectively. The outer shell is connected to a given potential V , while the inner shell is grounded

V(a,#)=0.

(@) If V(b,8) =V, (constant), find the potential at r<a, a<r<b, and r>b.

(b) If V(b,0)=V, cos? @, find the potential everywhere between the shells (a<r<b). [Hint: use
Legendre polynomials P,(x) =1, P(x) =, and P,(x) = (3x* -1)/2].

4.  Find the electric field E and the magnetic field B generated by a charged particle q, if
(a) the charged particle is moving with a constant velocity v =v,X. (10%)

(b) the charged particle is moving with a constant acceleration a=ayX . (10%)

[Hint: Liénard-Wiechert potentials and fields for a point charge.]

5. If E and B are perpendicular in the laboratory and |E| = 2|B|, find a reference frame such
that the field is pure electric or magnetic? If yes, what is the velocity of the reference frame
relative to the laboratory? (10%)

. : : Vv Vv
[Hint: Gaussian unit Ej =E;, E| =yq (El +TOX Bij and B =B, B, =;/0(BL _TOX EL)]



Statistical Mechanics

Qualifying examination
Spring, 2012

1. (- Jﬁ&“[‘fkﬁﬁ'“ﬁﬁsfﬁ IRE > 1555 )
(@ B LS LR8N e NG LR R
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2. (RS & PrpPrplpushF el & > September 2010 jé“ﬁ[ » 20 77)
(@) YN P J 73" (polymers)pu=)— - F& monomers IV REpr (X[ £ 5&
“Jj(entropy, S )i Z[[% > polymer ﬁ%ﬁ'lﬁ‘y[%&%&?&ﬂ URRTTRER %ﬂw F
VT pUTRUs R “IJ PNFE (DREPURE EL ¢ ) monomers iU polymer il
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[ ERE DN = L e el N C N TR A= S L L
EglU'ﬁ‘,(random walk) > N Ay H 8> ¢ HIRLH S )

(B) i T S0 R - 3 AT (L
ffi = g Hyiaki%T(eIectrophoresm)éﬁﬁA , bﬁﬁﬂﬁj == R D1 25
DNA -~ JF&WET = A REHP %ﬁﬂ SI s PEEE (S A
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FIENR=poE Qe iR > phobt 2 p monomers I ]V fic > Helmholtz free
energy [ RS —T oS » EHI T (RABUAIENE 5 E'}’Si@ﬂ[' > FIER= (R
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3. (ﬂ_ RE 12904 Gibbs paradox > 20 57)
(@?”Hpﬁ< %¢nﬂuf¥ﬁﬂ4ﬁWﬁ~F&ﬂN% > 3 Ml ARTRIARN
ﬁ@Tﬁq&l[iw?<m4£bwwﬂmnw F5) > ﬁw#ﬁﬁgﬁm¢
TR RRFRRVR R E R - i A %ﬁ FRSATY U



& (entropy)rf” T %) ?
(b) W%‘ﬁ T“F’TJ NEAOER RL - PS5 TR g e fg:g,j ﬁciy@
AP » IR U i S e ) 5t s

fEE A ?

CHIE s8] py EIEQFEJEE » September 2009 & ﬁlF, H > 25 57)
Comnsider a single electron in a magnetic field B along the 2-axis. The
Hamiltonian operator is H = —puBa,, where g1 i1s the magnetic moment

and the ¢, operator is
1 0
( 0 -1 ) ' (3)

(a) What is the density matrix of the system in the canonical ensemble?
(b) Derive the partition function of this system (Feb. 2006)
(c) Derive the average (per particle) magnetic moment, M, and calcu-

late its asymptotic behavior in low and high temperature limit. (Feb.
2005)

(d) Now, assuming the magnetic field B is not given by a source outside
the spin system, but is generated by the local spin moment itself, i.e.
let B = alM . where o is some constant coefficient. Then, derive the
self-consistent equation of M, and calculate the critical temperature,
T.., of ferromagnetic transition, below which the self-consistent solution
of M, defined by My, is nonzero. This is so called mean-field solution.

(e) Assuming 7, is very high and one can use the high temperature
expansion to the leading order correction, calculate M)y, as a function
of temperature 47" within the ferromagnetic phase, where 6T =T, — T
is a small positive quantity. (hint: tanh(z) ~ 2 — 23/3 for small x)

( Equipartition 2E! » September 2010 ﬁﬁaiﬁﬁ" ZiuHd ,EE »15 77 )
Consider a classical ideal gas at temperature T The energy of a
molecule is

1
€= az’ +b’c+ (p.c+pu+p) (1)

where @ and b are constants. Determine the average energy of a molecule.

(#! ZfE > Fall 2007 Z,E%»EIU%E,EE » 10 77 )
(a) Ergodic hypothesis
(b) Grand canonical ensemble
(c) Fermi pressure
(d) Liouville’s theorem
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