Qualification examination (fall, 2011)
- Classical Mechanics -

(Calculus of variations, 20%)

When minimizing a function, we differentiate it with respect to its free parameter.
But if it is an integral that we want to minimize, the variable becomes a function
and the equivalent action of differentiation is the variation. For classical actions

S z.[:_’ L(q,g)t, the starting and end pointsq(t;),q(t, ) are fixed, and so only

variation and no differentiation is needed. Let me now test you on a problem that
requires both actions; namely, determine the shape and contact angle of a liquid

drop on a solid surface. Use¢, ,,&,,,5,, to denote the amount of energies that

can be lowered for each unit area between air/liquid, liquid/desk, and air/desk.

Make sure you include the surface tensionT and the constraint that the liquid

volume needs to be conserved.

(a) Variate the drop shape over the total potential energy and write down the
Euler-Lagrange equation of motion that determines the drop shape. No need
to solve this differential equation.

(b) Differentiate with respect to the drop height and obtain a simple relation for
the contact angle, which is often ascribed to the balance of forces.

(Hamiltonian equations of motion, Goldstein’s Exercise 8.14, 20 points)
The Lagrangian for a system can be written as

L=ax’ +b1+c>'<y+ fy?xz + gy® —k/ x>+ y?,

X
wherea,b,c, f,g, andk are constants. What is the Hamiltonian? What quantities
are conserved?

(Canonical transformation, Goldstein’s Exercise 9.24, 20 points)
p—iaq
2ia

(@) Show that the transformationQ = p +iaqg, P = is canonical and find

a generating function.
(b) Use the transformation to solve the linear harmonic oscillator problem.

(2009 %ﬁ (R, *’Jp%ﬁ@%, 20%)
A uniform ladder leans against a smooth vertical wall. The initial angle between
the floor and ladder is . If the floor is also smooth, the ladder will slide down.



(a) Find the angle between the floor and the ladder when the ladder loses contact
with the vertical wall.

(b) Find the shortest distance between the top of the ladder and the foot of the
wall when the ladder lies totally flat on the floor.

(2008 %‘?[E{T , *’Jp%ﬁ@%, 20 points)

A point particle of massm and initial speedv, is scattered by another originally
static point particle of mass M . The perpendicular distance between the center of
force and the incident velocity isd (called the impact parameter). Assuming that

the force is repulsive and the magnitude of this force ism—zC wherec is a
r

positive constant and r is the distance between these two particles.
(a) Calculate the minimum value of r.
(b) Calculate the differential and total cross sections.

(2002 %ﬁ[@ s U[I5TRE 5 10 57)

A raindrop falls through a cloud collecting mass as it falls. Assume that the drop
remains spherical and that the mass of the raindrop increases at a rate which is
proportional to the cross-sectional area of the drop multiplied b the speed of fall.
If the drop starts from rest when it is infinitely small, what is the acceleration?
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Ph.D. Qualify Exam:  Classical Electrodynamics
September 2011

1. (10%, 10%) Green function for the wave equation

(a) Find the Green’s function G(F,7’) which is the solution of (V> +k*)G(F,")=-5(F -7").
[Hint: Assume no boundary surface and depend only on R =|F —| ]

(b) Use the results of (a) to obtain the retarded potential

rt—|r-rj/c .
V(F,t)= ! jp( Q| — /)d3r' from the wave equation V (r,t) under Lorentz gauge:
4rg, &l
r 10V(T,t)  pE,t) ., . . . o
VAV (T t)-= PR =— . [Hint: Express V(r,t) and p(r,t) as Fourier integrals.
&

[Note: All quantities in this question are expressed in SI units]

2. (10%, 10%) Electrostatics

Two point charges +g and —q are located on the z axis at z=+a and z= —a, respectively.

() Find the electrostatic potential as an expansion in spherical harmonics and powers of r for
r>a in the absence of the grounded sphere.

(b) If there is a grounded conducting sphere of radius b (b<a) centered at the origin, use the linear
superposition to satisfy the boundary conditions and find the potential everywhere for r>a.

3. (10%, 10%) For a dielectric-filled (& =4¢,, 1= ,) coaxial waveguide with inner radius a
and outer radius b as shown below,

(@) find the electric and magnetic fields,

(b) and find the time-averaged energy density u and the energy flow S (energy per unit area per
unit time) along the line.

b

—_— D —
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4. (10%, 10%) Magnetostatics

Consider two thin ferrite disks of radius R and thickness do, separated by a distance d (>>dy).
Assume the ferrite disks carry a uniform magnetization, M =MZ.

(@) Find the bound surface currents Ky on the outer surfaces of the ferrite disk and the bound
volume current density Jp,

(b) Find the magnetic field at the midpoint of the central axis when d=R.

[Hint: The arrangement is similar to a Helmholtz coil.]

. ty | VIM(X) 43,0 K M(x)xdr |,
Hint: A, (X)=22 | —/——2d°X' + 22 —=2—da’].
it A 09 =70 ) T 4+ 9 o o)

B

5. (10%, 10%) Wave: skin depth

(a)Starting from the Maxwell equations, derive the dispersion relation (i.e. the relation between the
wave frequency @ and the propagation constant k) for a plane electromagnetic wave in an
infinite and uniform medium of conductivity o , electrical permittivity &, and magnetic
permeability sz .

(b)Assume that the medium is a good conductor, derive an expression for its skin depth & .

vector formula: Vx(VxA) =V(V-A)—V2A
[
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