




Qualification examination (September 2019) 
 

- Classical Dynamics - 
(20 points each, unless otherwise stated) 

 
1. Mass 𝑚  with velocity 𝑣  moves horizontally toward an initially stationary 

sledge of incline angle 𝜃 and mass 𝑀. Assume the floor is smooth, but there is 
friction between 𝑚  and 𝑀  with dynamic friction coefficient 𝜇! . Find the 
maximum height 𝑚 can climb on the sledge.  

2. Derive the equation of motion for the double pendulum in Fig.2. 
Assuming 𝜃!,! ≪ 1, find the periods of this harmonic motion. 

3. (a) (10 points) What is the gravitational potential both inside  
and outside a spherical shell of inner/outer radii 𝑏/𝑎? 

(b) (Bonus 10 points) Find the gravitational self-energy of a 
sphere of mass M and radius R. 

4. (10 points) A bead slides in Fig.3 along a smooth wire bent 
in the shape of 𝑧 = 𝑐𝑟!. The bead rotates in a circle of 
radius 𝑅  when the wire is rotating about its vertical 
symmetry axis with angular velocity 𝜔. Find 𝑐.  

5. A soap film is formed between two open circular wires of 
radii 𝑎, 𝑏 and vertical separation ℎ. Assume the amount of 
soap liquid is small so that gravity is not important. (a) Find 
the shape of soap film. (b) Does your derivations set an 
upper bound on ℎ, as expect from experience. (c) How will 
your analysis change if the system is closed, i.e., the volume 
of air inside the soap bubble is fixed when we modify ℎ.  

6. Find the current 𝐼 on an RLC-circuit that is driven by a square-wave AC 
voltage (see Figs.5 and 6.) Assume there is no current or charge at 𝑡 = 0.  



Qualifying Examination – Statistical Mechanics 

 

Fall, 2019 

 

(20 points. Relativistic particles in a gravitational field) 

Consider   relativistic ideal-gas particles at temperature  . The particles are 

confined to a 3D box of area   and       . Because they are relativistic, the 

Hamiltonian is given by                    
          

 
   . 

1.1 Find the probability distribution for the height of a single particle:      . 

1.2 Find the average height of a single particle. 

1.3 Find the probability distribution for the height and momentum of a single 

particle:             . (Hint:                

 
.) 

1.4 Find the probability distribution for the energy of a single particle:     , 

where            . (Hint: use a delta function to perform the 

transformation of a continuous probability distribution.) 

 

 

2 (20 points. Ideal and non-ideal classical gas) 

2.1 Find the Helmholtz free energy   for   ideal classical particles of 

individual mass   in volume   at temperature  .  

2.2 Derive the state equation         by     
  

  
 
   

. 

2.3 For real particles, modify the free energy   as follows: (i) Real particles 

repel each other at close range with a hard volume   and (ii) they attract 

each other at long range. The total energy of attraction can be written as 

        which should be added to the free energy. Show that these 

modifications lead us to the Van der Waals equation:      
 

 
 

 

    

        . 

 

 

3 (20 points. Ising model) Consider the Ising model                where 

     , and       denotes the nearest-neighbor pairs of sites. 

3.1 For a system of coordinate number  , use mean-field approximation to find 

the critical temperature    below which spontaneous magnetization exists.  

3.2 Show that the magnetic susceptibility            at     .  

3.3 Use entropy argument to show that in 1D there is no phase transition, i.e., 

    . 



 

 

4 (20 points. 3D Ideal Fermi gas)  

4.1 Consider a 3D ideal Fermi gas of spin S=5/2 at zero temperature, calculate 

the total internal energy by summing the electron energy all the way up to 

the Fermi energy. 

4.2 Calculate the Fermi Pressure  .  

4.3 Derive the Pauli magnetic susceptibility in the limit of zero magnetic field 

and low temperature.  

 

 

5 (20 points. Bose-Einstein condensation) Consider a number conserved Bose gas 

with energy dispersion            :  

5.1 Show that there will be a Bose-Einstein condensation if     where   is 

the dimension of the space.  

5.2 Show that the critical temperature scales with the total number of particles, 

 , as        . (Hint: you do not need to do the full calculation, and may 

use dimensional argument for the density of states first.) 



Electrodynamics Qualifying Examination, Sep., 2019.
You must provide the details or reasonings to justify your answers.

1. (5%+10%)
(a) What are Green’s first identity and Green’s Theorem?
(b) A point charge is located at (0, 0,−d) below the grounded conducting plane at
z = 0 which extends to infinite. Find the Green’s function G(x,x′) which satisfies
the Dirichlet boundary condition.

2. (10%) Show that E⃗ · B⃗ is Lorentz invariant.

3. (5%+5%)(a) What is gauge transformation?
(b) Construct one set of the scalar and vector potentials in Coulomb gauge for a

point charge q which is sitting at the origin in a uniform B⃗ = B0x̂.

4. (5%+10%) (a) What is Maxwell’s stress tensor?
(b) Use Maxwell’s stress tensor to calculate the force experienced by a point charge

q in a uniform electric field E⃗ = E0ŷ.

5. (15%) A thin-walled metal sphere (radius = a) bears a net positive charge Q. The
permittivity ( dielectric constant ) of the entire region surrounding the metal sphere
is ϵ = ϵ0(1 − b2/r2), where b is the positive constant and a > b. In terms of the
given quantities and appropriate numerical and physical constants, calculate the
electrostatic energy of this distribution.

6. (15%) A uniform disk of mass m and radius R has a charge Q distributed uniformly
alone its perimeter. It is set spinning about one of its diameters with constant
angular frequency ω. Given that its moment of inertia is mR2/4, find the g−factor,
defined as the ratio µ/L between magnetic moment and angular momentum.

7. (10+10%)Assume that plane electromagnetic waves are incident on the boundary
between two isotropic dielectric media.
(a) Use the appropriate boundary conditions to derive Snell’s law.
(b) Use the appropriate boundary conditions to derive an expression for the incident
angle for which the maximum polarization occurs.
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