
Qualifying Examination – Classical Mechanics 
  Spring, 2019 

1. (The Pi machine1, bonus 10 points) A moving mass 𝑀 hits a 
lesser mass 𝑚 initially at rest on a smooth floor. Afterwards, 
the latter bounces from a wall and collides with 𝑀 again. 
This process repeats until 𝑀 changes direction and 𝑚 fails 
to catch up on it. How will you go about proving that the number of collisions2, 
counting both against the wall and with 𝑀, will approach 𝜋 𝑀 𝑚 as 𝑀 ≫ 𝑚?  

2. (Newtonian mechanics) A particle is projected vertically upward in a constant 
gravitational field with an initial speed 𝑣!. If it experiences a resisting force 𝑘𝑚𝑣!, 
find the speed of the particle when it returns to the initial position. 

3. (Oscillation) Find the response of a damped harmonic oscillator, originally at rest 

in equilibrium position, to a periodic force 𝐹 𝑡 = 0, −2𝜋 𝜔 < 𝑡 < 0
𝐹!, 0 < 𝑡 < 2𝜋 𝜔 .  

4. (Gravitation) Show that the gravitational self-energy of a uniform sphere of mass 
𝑀 and radius 𝑅 is 𝑈 = − 3 5 𝐺𝑀! 𝑅. 

5. (Lagrangian dynamics) Use Lagrangian 
dynamics to find the equations of motion for 
the double pulley in Fig.2. 

6. (Hamiltonian dynamics) Use Hamiltonian to 
find the equation of motion for the spherical 
pendulum in Fig.3.  

7. (Central-force motion) A mass-m rocket is 
fired horizontally from height ℎ and eventually returns to Earth. Besides parabola, 
what are the conditions for it to assume a hyperbolic, elliptic, or circular orbit? 

8. (Dynamics of a system of particles)  
(a) Consider a rope of mass per unit length 𝜌 and length 𝑎 

suspended above a table in Fig.4. Find the force on the table 
when a length 𝑥 of the rope has dropped to the table.  

(b) A rocket leaves Earth vertically under gravity. The exhaust 
velocity is 𝑢, and the constant fuel burn rate is 𝛼. Let the initial/final mass be 
𝑚!/𝑚!. Calculate the final altitude and speed of the rocket. 

9. (Special theory of relativity)  
(a) What is the minimum proton energy needed to produce an antiproton 𝑝 by the 

reaction 𝑝 + 𝑝 → 𝑝 + 𝑝 + 𝑝 + 𝑝  where the target proton is initially at rest? 
(b) Two spaceships of proper length 𝐿!,! approach each other with speeds 𝑣!,!. 

Find the time it takes for them to pass each other as observed in the rest frame 
and by the two pilots. 

                                                
1 A New York Times blog posts about this problem https://wordplay.blogs.nytimes.com/2014/03/10/pi/  
2 Click https://www.youtube.com/watch?v=jsYwFizhncE&feature=youtu.be for a video explanation. 



Qualifying Examination – Statistical Mechanics 

Spring, 2019 

1. (The entropy of mixing, 20%) Consider two entropy functions of the ideal gas : 

                        and                      where   is a 

constant. Consider two idea gases with    and    particles respectively, kept in 

two separate volumes    and    at the same temperature and same density. Use 

  and    respectively to find the change in the entropy of the combined system 

after the gases are allowed to mix in a volume         for the case of (a) 

two different kinds of ideal gases. (b) same kind of ideal gas. (c) Determine 

which one is the proper entropy function. 

2. (Fermion statistics, 15%) Consider   degenerate states with energy  , of which 

  are occupied by the fermions. (a) In the micro-canonical ensemble, find the 

entropy of the system. (b) By comparing to           , find the average 

population of the state       as a function of      .  

3. (Ising model, 15%) Consider the Ising model                where      , 

and       denotes the nearest-neighbor pairs of sites. (a) For a system of 

coordinate number  , use mean-field approximation to find the critical 

temperature    below which spontaneous magnetization exists. (b) Show that the 

magnetic susceptibility            at     . (c) Use entropy argument to 

show that in 1D there is no phase transition, i.e.,     . 

4. (1D random walk, 15%) Consider 1D random walk with equal probability going 

to the right and left. (a) Find the probability distribution        of finding the 

walker at position   after   steps. You may use    and    to represent the 

number of steps to the right and left respectively. (b) Use Stirling’s formula to 

show  that when       the probability distribution can be approximated 

by the Gaussian distribution        
 

     
      

  

     and find   . 

5. (Two-level system, 20%) Consider a system of N distinguishable particles, which 

have two energy levels,        and      , for each particles. Here   is 

magnetic moment and   is magnetic field. The particles populate the energy 

levels according to the classical distribution law. (a) Calculate the average energy 

of such system at temperature T, and (b) the specific heat of the system. (c) 

Calculate the magnetic susceptibility. 

6. (Bose-Einstein condensation, 20%) Consider now a number conserved Bose gas 

with energy dispersion            : (a) Show that there will be a Bose-Einstein 

condensation if     where   is the dimension of the space. (b) Show that the 

critical temperature scales with the total number of particles,  , as        . 

(Hint: you do not need to do the full calculation, and may use dimensional 

argument for the density of states first.) 







Electrodynamics Qualifying Examination, Feb., 2019.
You must provide the details or reasonings to justify your answers.

1. (5%+5%+5%) (a) What is Poynting’s theorem?
(b) Radio station Philharmonic Radio Taipei Co. radiates a power of 2kW at about
90.7 MHz from its antenna in HuKou, approximately 10km from NTHU. Obtain
a rough estimate of its electric field at NTHU in volts per meter. What is the
polarization of the radio wave?

2. (5%+10%)
(a) What are Green’s first identity and Green’s Theorem?
(b) A point charge is located at (0, 0, d) above the grounded conducting plane at
z = 0 which extends to infinite. Find the Green’s function G(x,x′) which satisfies
the Dirichlet boundary condition.

3. (10%) In the SI unit, show that | ~E|2 − c2| ~B|2 is Lorentz invariant.

4. (10+10%) Consider two concentric shells of radii a and b(b > a). Find the potential
everywhere for the following given potentials:
(a) V (r = a, θ) = 0 and V (b, θ) = V0 sin2 θ.
(b) V (r = a, θ) = V0 cos θ and V (b, θ) = −V0.
(Hint: the Legendre polynomials P0(x) = 1, P1(x) = x, and P2(x) = (3x2 − 1)/2. )

5. (10%) An infinitely long circular cylinder of radius 3a with an infinitely long cylin-
drical hole of radius a is displaced so that its center is at a distance a from the center
of the big cylinder. The solid part of the cylinder carries a current I, distributed
uniformly over the cross-section and pointing in ẑ. Assume that µ = µ0, determine
the magnetic field, ~B, throughout the hole.

6. (5%+10%)(a) What is gauge transformation?
(b) Construct one set of the scalar and vector potentials in Coulomb gauge for a

point charge q sitting at the origin in a uniform ~B = B0ẑ.

7. (5%+10%) (a) What is Maxwell’s stress tensor?
(b) Use Maxwell’s stress tensor to calculate the force experienced by a point charge

q in a uniform electric field ~E = E0ẑ.
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